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(Received May, 10 1997 )
We examine the spectral function of the single electron Green function at finite tempera-
tures for the Tomonaga-Luttinger model which consists of the mutual interaction with only
the forward scattering. The spectral weight, which is calculated as a function of the fre-
quency with the fixed wave number, shows that several peaks originating in the excitation
spectra of charge and spin fluctuations vary into a single peak by the increase of temperature.
§1. Introduction
The Tomonaga-Luttinger model 1), 2), which can be solved exactly, is a funda-
mental model for studying the electronic state in one-dimensional interacting electron
systems. Since the excitations are gapless for both charge and spin degree of freedom,
the response functions for the superconducting state, spin density wave state and
charge density wave state show the power law behavior with respect to frequency
and temperature where the exponents depend on the interactions. 3), 4)
Noticeable properties of the Tomonaga-Luttinger model have been obtained in
the state of the single electron. The power law dependence has been found in the
momentum distribution function 5) around the Fermi momentum and the density of
states 6), 7), 8) around the Fermi energy. These facts are characteristic of the Luttinger
liquid 9) where the quantum fluctuation in one-dimension leads to the marginal be-
havior between the metallic state and the ordered state. The detail of the electronic
state is obtained in the spectral function which is calculated from the imaginary
part of the single electron Green function. The spectral function at absolute zero
temperature exhibits several peaks which are associated with the fluctuation of the
pairing electron and the separation of the charge and spin degrees of freedom in
the presence of the interaction. 10), 8) The spectral function for the Hubbard model
with the quarter-filled band and the infinite repulsive interaction 11) has been cal-
culated where the frequency-dependence is similar to that of the Luttinger liquid.
However the temperature-dependence of the spectral function of the Tomonaga-
Luttinger model is not studied qualitatively although the thermal fluctuation takes
an important role for the electronic state around the Fermi energy. 6), 7)
In the present paper, we examine the spectral function at finite temperatures to
understand how several peaks are varied by the thermal fluctuation. In §2, formu-
lation is given in terms of the single electron Green function at finite temperatures.
In §3, the frequency-dependence of the spectral function is examined numerically
∗) Submitted to Prog. Theor. Phys.
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with some choices of interaction and momentum. The crossover from the ground
state to the state expected at finite temperature is demonstrated. §4 is devoted to
discussion.
§2. Formulation
The Tomonaga-Luttinger model is given by
H =
∑
r=±
∑
s=↑,↓
∑
k
vF(rk − kF)C+k,s,rCk,s,r
+
pivF
2L
∑
r,s,s′
∑
k1,k2,q
e−|q|Λ
[(
g˜2‖δs,s′ + g˜2⊥δs,−s′
)
C+k1,s,rC
+
k2,s′,−r
Ck2+q,s′,−rCk1−q,s,r
+g˜4⊥δs,−s′
[
C+k1,s,rC
+
k2,s′,r
Ck2+q,s′,rCk1−q,s,r
] ]
, (2.1)
where C+k,s,r denotes the creation operator of the fermion with spin s =↑ (↓)(= +(−))
and the momentum k being positive (negative) for r = +(−). The first term is the
kinetic energy where vF and kF are Fermi velocity and Fermi momentum respectively.
In the second term, the quantity g˜2‖,⊥ (≡ g2‖,⊥/pivF) denotes the normalized coupling
constant of the interaction for the forward scattering between two kinds of electrons
with r = + and r = − and g˜4⊥ (≡ g4⊥/pivF) is that for the same kind of electrons.
Quantities Λ−1 and L denote the momentum cutoff of the interaction and the length
of the system respectively.
Based on the bosonization method, 5) eq. (2.1) in case of |q|<∼Λ−1 is expressed
as 12)
HP =
∑
ν=ρ,σ
vν
4pi
∫ ∞
−∞
dx
[
1
ην
(∂xθν,+(x))
2 + ην (θν,−(x))
2
]
, (2.2)
vν = vF
√
(1± g˜4⊥/2)2 −
(
(g˜2‖ ± g˜2⊥)/2
)2
, (2.3)
ην =
√√√√1± g˜4⊥/2− (g˜2‖ ± g˜2⊥)/2
1± g˜4⊥/2 + (g˜2‖ ± g˜2⊥)/2
, (2.4)
where +(−) corresponds to ρ(σ) and
θρ,±(x) =
i
2
∑
q
2pi
Lp
e−
α0
2
|q|−iqx
∑
k,s
[
C+k+q,s,+Ck,s,+ ± C+k+q,s,−Ck,s,−
]
, (2.5)
θσ,±(x) =
i
2
∑
q
2pi
Lq
e−
α0
2
|q|−iqx
∑
k,s
s
[
C+k+q,s,+Ck,s,+ ± C+k+q,s,−Ck,s,−
]
. (2.6)
Equations (2.5) and (2.6), which denote the phase variables for the charge and spin
fluctuations respectively, satisfy the commutation relation given by[
θν,±(x), (−1/2pi)∂x′θν′,∓(x′)
]
= iδν,ν′δ(x− x′) . (2.7)
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From eqs. (2.2) and (2.7), one obtains the excitation spectra, vρq and vσq for the
charge fluctuation and the spin fluctuation respectively. By introducing the cut-
off parameter α0(→ +0) for the convergence and making use of the fermion field
operator defined as 3)
ΨPs,r(x, t) =
erikFx√
piα
exp
[
ri

[(θρ,+(x, t) + rθρ,−(x, t)) + s (θσ,+(x, t) + rθσ,−(x, t))]
]
,
(2.8)
the retarded Green function at finite temperatures is calculated as 6)
GRs,r(x, t) ≡ −iθ(t)
〈
ΨPs,r(x, t)Ψ
P
s,r(, )
+ + ΨPs,r(, )
+ΨPs,r(x, t)
〉
HP
= −iθ(t)
2pi
eirkFx
[ ∏
ν=ρ,σ
[
1
(α0 + i(vνt− rx)) 12
(
Λ2
(Λ+ ivνt)
2 + x2
)γν]
×Ξ(x, t, T ) +
(
x→ −x
t→ −t
)]
, (2.9)
Ξ(x, t, T )
=
∏
ν=ρ,σ
∞∏
n=1
[1 + ( vνt− rx
α0 +
nvν
T
)2] 12[
1 +
(
vνt− rx
Λ+ nvνT
)2]γν[
1 +
(
vνt+ rx
Λ+ nvνT
)2]γν−1.
(2.10)
The quantity γν , which denotes the magnitude of the interaction, is defined by
γν = (ην + η
−1
ν − 2)/8 . (2.11)
The quantity, T , is the temperature and kB is taken as unity. In deriving eq. (2.9)
from eq. (2.8), we have used an approximation that the second line of eq. (2.9)
is correct in case of |x|, |vFt| ≫ Λ and results in the extra factor of vF/(vρvσ)1/2
in case of |x|, |vFt| ≪ Λ compared with the exact one. 13), 6) Actually, by noting
that Ξ(x, t, T ) → 1 in the limit of absolute zero temperature, eq. (2.9) in case
of T = 0 becomes equal to the retarded Green function obtained by Luther and
Peschel 3), 10), 8) which is valid for the length scale being larger than Λ. Therefore the
following calculation of the spectral function is justified when the frequency ( the
momentum ) is smaller than vF/Λ (Λ
−1). We note the difference between two kinds
of cutoff parameters in the Tomonaga-Luttinger model. The quantity Λ leading to
the momentum cutoff of the interaction plays an essential role for the existence of
the characteristic energy, vF/Λ, but the quantity α0 vanishes in the end by taking
the limit of α0 → 0.
In terms of eq. (2.9), the spectral function is calculated as
Ar(q, ω) = − 1
pi
Im
[∫ ∞
−∞
dx
∫ ∞
−∞
dte−i{(q+rkF)x−ωt}GRr (x, t)
]
=
1
(2pi)2
∫ ∞
−∞
dx
∫ ∞
−∞
dt
[
e−i(qx−ωt)
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×
∏
ν=ρ,σ
[
1
(α0 + i(vνt− rx)) 12
(
Λ2
(Λ+ ivνt)
2 + x2
)γν]
Ξ(x, t, T )
+
(
ω → −ω
q → −q
)]
. (2.12)
We examine eq. (2.12) for two kinds of cases. The case (i) is given by g˜2‖ ≡ g˜ 6= 0
and g˜2⊥ = g˜4⊥ = 0 which corresponds to the spinless Tomonaga-Luttinger model.
The case (ii) is given by g˜2‖ = g˜2⊥ = g˜4⊥ ≡ g˜ 6= 0 which represents the spinful
Tomonaga-Luttinger model.
In the case (i), eq. (2.12) is rewritten as
Ar(q, ω) =
1
8pi2v
[
F1 (Ω1, T )F2 (Ω2, T ) +
(
Ω1 → −Ω1
Ω2 → −Ω2
)]
. (2.13)
By use of Ω1 = (ω + rvq) /2v, Ω2 = (ω − rvq) /2v, s1 = vt − rx and s2 = vt + rx,
quantities F1(Ω1, T ) and F2(Ω2, T ) are written as
F1(Ω1, T )
=
∫ ∞
−∞
ds1
eiΩ1s1
α0 + is1
(
Λ
Λ+ is1
)γ
×
∞∏
n=1
[1 + ( s1
α0 +
nv
T
)2][
1 +
(
s1
Λ+ nvT
)2]γ−1
= pi + 2Λγ
∫ ∞
0
ds1
sin
[
Ω1s1 − γ tan−1
( s1
Λ
)]
s1
(
Λ2 + s21
) γ
2
Ts1/v
sinh (Ts1/v)
∞∏
n=1
[
1 +
(
s1
Λ+ nvT
)2]−γ
,
(2.14)
F2(Ω2, T )
=
∫ ∞
−∞
ds2e
iΩ2s2
(
Λ
Λ+ is2
)γ ∞∏
n=1
[
1 +
(
s2
Λ+ nvT
)2]−γ
= 2Λγ
∫ ∞
0
ds2
cos
[
Ω2s2 − γ tan−1
( s2
Λ
)]
(
Λ2 + s22
) γ
2
∞∏
n=1
[
1 +
(
s2
Λ+ n vT
)2]−γ
, (2.15)
where v = vρ = vσ = vF[1− (g˜2/2)2]1/2 and γ = [(1− (g˜2/2)2)−1/2 − 1]/2.
In the case (ii), eq. (2.12) is rewritten as
Ar(q, ω) =
1
(2pi)2|vρ − vσ|
∫ ∞
−∞
dsρ
∫ ∞
−∞
dsσ
[
ei(Ωσsρ+Ωρsσ)
×
∏
ν=ρ,σ
[
1
(α0 + isν)
1
2
(
Λ
Λ+ isν
)γν ( Λ
Λ+ i(aνsρ + bνsσ)
)γν]
Ξ(x, t, T )
+
(
Ωρ → −Ωρ
Ωσ → −Ωσ
)]
=
Λ2(γρ+γσ)
(2pi)2|vρ − vσ|
[
[Fs(Ωρ, Ωσ , T ) + Fc(Ωρ, Ωσ, T )] +
(
Ωρ → −Ωρ
Ωσ → −Ωσ
)]
.
(2.16)
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By use of Ωσ = (ω−rvσq)/(vρ−vσ), Ωρ = (rvρq−ω)/(vρ−vσ), sρ = vρt−rx, sσ =
vσt− rx, aρ = (vρ + vσ)/(vρ − vσ), bρ = −2vρ/(vρ − vσ), aσ = 2vσ/(vρ − vσ), bσ =
−(vρ + vσ)/(vρ − vσ) , quantities Fs(Ωρ, Ωσ , T ) and Fc(Ωρ, Ωσ , T ) are expressed as
Fs(Ωρ, Ωσ, T ) = 2
∫ ∞
0
dsρ
∫ ∞
0
dsσ
[ ∏
ν=ρ,σ
sν(Λ
2 + s2ν)
γν (Λ2 + (aνsρ + bνsσ)
2)γν
]− 1
2
× sin
Ωσsρ +Ωρsσ − ∑
ν=ρ,σ
γν
[
tan−1
(
sν
Λ
)
+ tan−1
(
aνsρ + bνsσ
Λ
)]
× ξ(sρ, sσ, T ) , (2.17)
Fc(Ωρ, Ωσ, T ) = 2
∫ ∞
0
dsρ
∫ 0
−∞
dsσ
[ ∏
ν=ρ,σ
|sν |(Λ2 + s2ν)γν (Λ2 + (aνsρ + bνsσ)2)γν
]− 1
2
× cos
Ωσsρ +Ωρsσ − ∑
ν=ρ,σ
γν
[
tan−1
(
sν
Λ
)
+ tan−1
(
aνsρ + bνsσ
Λ
)]
× ξ(sρ, sσ, T ) , (2.18)
where γρ = [(1 − (2g˜/(2 + g˜))2)−1/2 − 1]/4, γσ = 0, vρ = vF[(1 + g˜/2)2 − g˜2]1/2 and
vσ = vF(1 − g˜/2). In deriving eqs. (2.17) and (2.18), we made use of the following
approximation, 14), 7)
Ξ(x, t, T ) ≃
∏
ν=ρ,σ
[ Tsµ/vν
sinh (Tsν/vν)
] 1
2
+γν
[
T (aνsρ + bνsσ)/vν
sinh (T (aνsρ + bνsσ)/vν)
]γν
≡ ξ(sρ, sσ, T ) , (2.19)
which was obtained by discarding Λ in eq. (2.10). Such a treatment is valid for
T <∼ vF/Λ in the present calculation.
In addition to the case (ii), we examine the case of g˜4⊥ 6= 0 and zero otherwise
which corresponds to the one-branch Luttinger liquid, 8) i.e., the forward scattering
within the same kind of electrons. In this case, the spectral function A+(q, ω) is
obtained by putting γρ = γσ = 0 in eq. (2.16) where A+(q, ω) also shows the
separation of the charge and spin degrees of freedom.
§3. Spectral Function
We evaluate the spectral weight of eq.(2.12) which is normalized as,
A˜+(q˜, ω˜) = A+(q, ω)vFΛ
−1 . (3.1)
Quantities q, ω, v and T are also normalized as q˜ = qΛ, ω˜ = ω/(vFΛ
−1), v˜ = v/vF
and T˜ = T/(vFΛ
−1) respectively. From eq.(2.11), the parameter for the interaction
is defined as
α = 2 (γρ + γσ) . (3.2)
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We examine A˜+(q˜, ω˜) in detail by choosing α= 0.125 which corresponds to the
limit of the large repulsive interaction for one-dimensional Hubbard model. 15) Since
Ar(q˜, ω˜) = Ar(−q˜,−ω˜) = A−r(q˜,−ω˜), we investigate numerically A˜+(q˜, ω˜) in case of
q˜ > 0.
3.1. spinless case
The model in the case of g2‖ 6= 0 and g2⊥ = g4⊥ = 0 is equivalent to that of the
spinless fermion since there is no distinction between the charge fluctuation and the
spin fluctuation, i.e., γρ = γσ.
First, A˜+(q˜, ω˜) with q˜ = 0 is examined.
–0.2 0 0.20
10
20
&A=0.125
q=0 T=0
0.05
0.1
0.2
!A !A
!A
!
A
!
A
!
A
&X
A +
( q
 , &
X
 
)
Fig. 1. The ω˜-dependence of spectral function
A˜+(q˜, ω˜) of the spinless model where q˜ = 0,
α = 0.125 and T˜ is chosen as T˜=0, 0.05, 0.1
and 0.2.
1 20
1
2
0.5 1 1.50
1
2
3
&A
C(
&
A
)
&A=0.125
0.5
!A
!
A
T
–
Im
&
2
(0,
0)
Fig. 2. The T˜ -dependence of the imagi-
nary part of the normalized self-energy,
−ImΣ˜R(0, 0) (= −ImΣR(0, 0)Λ/vF) is
shown in the case of α = 0.125 and 1.5.
The dashed curve is the asymptotic value
given by eq. (3.3) and the inset shows the
coefficient given by eq. (3.4).
In Fig. 1, A˜+(q˜, ω˜) with α = 0.125 and q˜ = 0 is shown as a function of ω˜ with
some choices of T˜ . In case of T = 0, the spectral function A˜+(q˜, ω˜) diverges at ω˜ = 0
where A˜+(q˜, ω˜) with q˜ = 0 and small |ω˜| is given by A˜+(q˜, ω˜) ∝ ω˜α−1. 10), 8) For
T˜ 6= 0, A˜+(q˜, ω˜) with ω˜ = 0 becomes finite and the peak of A˜+(q˜, ω˜) decreases and
the width increases due to the thermal fluctuation. The half width of A˜+(q˜, ω˜), which
is defined by ∆ω˜, is proportional to T˜ within the numerical accuracy of the present
calculation, e.g. ∆ω˜ ∼ 0.4T˜ (∼ 2T˜ ) for T˜ < 0.1 in case of α = 0.125(= 0.5). The
height of the peak at low temperatures is given by A˜+(0, 0) ∝ T˜α−1 which is related
to the imaginary part of the self-energy of the Fourier transform of the retarded
Green function, eq. (2.9). Actually, by defining ImΣR(q, ω) as the imaginary part
of the Green function, one finds the relation that ImΣR(0, 0) = −[piA(0, 0)]−1 where
ReΣR(0, 0) = 0. From eq. (2.13), the quantity ImΣR(0, 0) in case of T ≪ vΛ−1 is
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calculated as
− ImΣR(0, 0) ≃ C(α)
(
TΛ
v
)1−α
, (3.3)
C(α)−1 =
piγ−1 sin (piγ)
2v
∫ ∞
0
dy
[(
pi
sinh(piy)
)γ+1
− y−(γ+1)
]
×
∫ ∞
0
dy (sinh(piy))−γ . (3.4)
In Fig. 2, the normalized quantity of ImΣR(0, 0) as a function of T˜ is shown by
the solid curves for α = 0.125 and 0.5. The dashed curve denotes the asymptotic
value given by eq. (3.3) where the good coincidence between the solid curve and
the dashed curve is obtained at low temperatures. The actual value of ImΣR(0, 0)
is smaller (larger ) than the asymptotic one value where the crossover takes place
around α ≃ 0.32 at low temperatures. In the inset, C(α) of eq. (3.4) is shown as
a function of α. The quantity C(α) takes a maximum around α ≃ 0.44 and C(α)
becomes zero at α = 0, indicating the fact that Ar(q, ω)→ δ(ω − vFq) at α→ 0.
–0.5 0 0.50
1
&A=0.125
q=0.1
T=00.01
0.03
0.05
!A
!A
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!
A
!
A
!
A
&X
A +
( q
 , &
X
 
)
Fig. 3. The ω˜-dependence of spectral function
A˜+(q˜, ω˜) of the spinless model where q˜ =
0.1, α = 0.125 and T˜ is chosen as T˜=0,
0.01, 0.02, 0.05 and 0.1.
Next A˜+(q˜, ω˜) in case of q˜ = 0.1
is examined. The ω˜-dependence of
A˜+(q˜, ω˜) in case of α = 0.125 is shown
in Fig. 3. The quantity A˜+(q˜, ω˜) at
T˜ = 0 shows not only the main peak
around ω˜ = v˜q˜ but also that near ω˜ =
−v˜q˜ where A˜+(q˜, ω˜) ∝ (ω˜ − v˜q˜)−1+α/2
for ω˜ >∼ v˜q˜, A˜+(q˜, ω˜) ∝ |ω˜ + v˜q˜|α/2 for
ω˜ <∼ − v˜q˜ and A˜+(q˜, ω˜) = 0 for |ω˜| < v˜q˜.
10), 8) The peak around ω˜ = −v˜q˜ comes
from the particle-hole excitations be-
tween two kinds of electrons with r = ±.
8) The finite magnitude of A˜+(q˜, ω˜) ap-
pears in the interval region of |ω˜| < v˜q˜
at finite temperatures. By the increase
of T˜ , these two peaks are suppressed and
merges into a single peak.
3.2. spinful case
We examine A˜+(q˜, ω˜) in the presence of the interactions g2‖, g2⊥ and g4⊥ which
result in the separation of the charge degree of freedom from the spin degree of
freedom. When q˜ = 0, the ω˜-dependence of A˜+(q˜, ω˜) is similar to Fig. 1 since the
excitation spectra of both charge fluctuation and spin fluctuation become equal to
zero at q˜ = 0. In Fig. 4, A˜+(q˜, ω˜) in case of q˜ = 0.5 and α=0.125 is shown with
some choices of T˜ where A˜+(q˜, ω˜) with ω˜ < 0 is multiplied by 10. In case of T˜ = 0,
there are several kinds of edges in A˜+(q˜, ω˜) which originate in excitation spectra of
the spin and charge fluctuations. Their asymptotic forms in the case of γσ = 0 are
8 N. Nakamura and Y. Suzumura
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Fig. 4. The ω˜-dependence of spectral func-
tion A˜+(q˜, ω˜) of the spinful model where
q˜ = 0.5, α = 0.125 and T˜ is chosen as
T˜= 0.01(solid curve), 0.03(dashed curve),
0.06(dash-dotted curve) and 0.1(dotted
curve).
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Fig. 5. The ω˜-dependence of spectral function
A˜+(q˜, ω˜) of the spinlful model where α =
0.125, T˜ = 0.03 and q˜ is chosen as q˜=0.1,
0.2, 0.3 and 0.5.
given by 10), 8)
A+(q, ω)|ω≃vρq ∝ |ω − vρq|γρ+2γσ−1/2 ,
A+(q, ω)|ω≃vσq ∝ θ(ω − vσq)(ω − vσq)2γρ+γσ−1/2 ,
A+(q, ω)|ω≃−vρq ∝ θ(−ω − vρq)|ω + vρq|γρ+2γσ , (3.5)
and A˜+(q˜, ω˜) = 0 for −vρq˜ < ω˜ < vσ q˜ .
The T˜ -dependence of A˜+(q˜, ω˜) is examined by defining A˜+,ρ (A˜+,σ) as A˜+(q˜, ω˜)
corresponding to the peak located near ω = vρq (ω = vσq) where vσq < vρq. The
result that A˜+,σ < A˜+,ρ in case of T˜ = 0.01 can be understood from the fact that, at
T˜ = 0, the exponent for the divergence of the charge excitation is larger than that
of the spin excitation as is seen from eqs. (3.5). By the increase of T˜ , one finds that
A˜+,σ ≃ A˜+,ρ at T˜=0.03 and that A˜+,σ > A˜+,ρ for T˜=0.06. Such a crossover from the
dominant A˜+,ρ into the dominant A˜+,σ is characteristic of the finite temperature.
The spin excitation, which has the energy lower than that of the charge excitation,
has the large effect on A˜+(q˜, ω˜) and give rise to the dominant A˜+,ρ as is seen from
the interference term, Ωρsσ +Ωσsρ, in eq. (2.16). The quantity A˜+(q˜, ω˜) at T˜ = 0.1
shows that the two peaks at low temperatures becomes a single peak with the broad
width. When T˜ increases, A˜+(q˜, ω˜) with ω < 0 decreases indicating the fact that
the correlation by the interaction decreases by the thermal fluctuation. In Fig. 5,
we show A˜+(q˜, ω˜) with the fixed T˜ by choosing several q˜. The interval length of ω˜
between two peaks, which exists for the large q˜, decreases by the decrease of q˜ and
vanishes for the small q˜, e.g., A˜+(q˜, ω˜) for ω˜ = 0.2 and 0.1.
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Fig. 6. The ω˜-dependence of spectral function
A˜+(q˜, ω˜) with the interaction, g4⊥, where
q˜ = 0.5, g˜4 = g4⊥/(pivF) and T˜ is chosen
as T˜=0, 0.05, 0.1 and 0.2.
For the comparison, A˜+(q˜, ω˜) with
the interaction of only g4⊥ is shown in
Fig. 6. In case of T = 0, A˜+(q˜, ω˜)
exists only in the interval region of
vσq < ω < vρq and show two singu-
larities at the boundaries correspond-
ing to the spin and charge excitations
respectively. The exponents for the
divergence at the charge excitation is
the same as the spin excitation where
A˜+(q˜, ω˜) ∝ (ω˜ − v˜σ q˜)−1/2 for ω˜ >∼ v˜σ q˜,
A˜+(q˜, ω˜) ∝ (−ω˜ + v˜ρq˜)−1/2 for ω˜ <∼ v˜ρq˜
and A˜+(q˜, ω˜) = 0 for ω˜ < v˜σ q˜ and
ω˜ > v˜ρq˜ .
8) The effect of the thermal
fluctuation, which leads to the crossover
from two peaks to the single peak, is
similar to Fig. 5. When ω = vσq or
ω = vσq, eq. (2.12) is rewritten as
A+(q, vσq) =
C1
T
∫ ∞
0
dy
cos
(vσq
T y
)
(sinh y)
1
2
, (3.6)
A+(q, vρq) =
C1
T
∫ ∞
0
dy
cos
(vρq
T y
)
(sinh y)
1
2
, (3.7)
where C1 =
√
vρvσpi
−2|vρ − vσ|−1
∫∞
0 dy (sinh y)
− 1
2 . Since eqs. (3.6) ∝ T−1/2v−1σ
and eqs. (3.7) ∝ T−1/2v−1ρ at low temperatures, it turns out that A˜+,ρ decreases
rapidly compared with A˜+,σ.
§4. Discussion
We examined the spectral function, A˜+(q˜, ω˜), of the Tomonaga-Luttinger model
at finite temperatures for both the spinless case and the spinful case by choosing
α = 0.125 which corresponds to the large limit of the repulsive interaction of the
Hubbard model. In case of q˜ = 0, A˜+(q˜, ω˜) shows the peak around ω˜ = 0. By the
increase of temperature, the height decreases and the width increases due to the
thermal fluctuation. At low temperatures, A˜+(q˜, ω˜) with q˜ = 0 and ω˜ = 0, shows
the power law expressed as A˜+(q˜, ω˜) ∝ T˜α−1. In case of q˜ > 0, there are two peaks
located in the region of ω > 0 and that of ω < 0 for both the spinless and spinful
cases. With increasing temperature, these two peaks moves to a single peak around
ω = vq. In the spinful case, the peak with q˜ > 0 is separated into two peaks where
the peak with the large ω˜, A˜+,ρ, corresponds to the charge fluctuation and the peak
with the small ω˜, A˜+,σ, corresponds to the spin fluctuation. In the limit of low
temperatures, one obtains A˜+,σ < A˜+,ρ, while one finds A˜+,σ > A˜+,σ by the increase
of temperature. The latter result, which is explained by eq. (2.16), can be also
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understood in terms of the general formula 16)
A(k, ω) =
1
Z
∑
m,n
[
|(C+k )n,m|2e−
1
T
(Em−µNm)(1 + e−
ω
T )δ(En − Em − µ− ω)
]
, (4.1)
where Z =
∑
n e
(En−µNn)/T and Nn is the electron number. Quantities En and µ are
the energy of the n-th eigenstate and the chemical potential respectively and (C+k )n,m
denotes the matrix element between the n-th eigenstate and m-th eigenstate. Since
vρq > vσq in the present case, the factor, (1 + e
−ω/T ), with ω = vσq is larger than
the factor with ω = vρq. Therefore the peak for the spin fluctuation becomes larger
than that for the charge fluctuation. At higher temperatures, these two peaks also
merge into a single peak.
Finally, we comment on the experiment on K0.3MoO3 where the angle-resolved
photoemission spectroscopy reveals the two peaks corresponding to the charge and
spin separations. 17) As for two peaks indicating the properties of the Tomonaga-
Luttinger liquid, the peak with the lower energy is larger than the peak with the
higher energy. In the Tomonaga-Luttinger model, the peak with lower energy is
rather suppressed when the interaction for the charge density is strong enough. Then
Voit 18) claimed that the peak with the higher energy is rather suppressed by the
backward scattering. 19) Here we comment another possibility that the suppression
of the peak with higher energy is attributable to the effect of thermal fluctuation as
is found in Figs. 4 and 6.
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